The penetration of magneto-hydrodynamic (MHD) disturbances into an upper strongly stratified stable layer excited by magnetoconvection in rotating spherical shells is investigated. An analytic expression for the penetration distance is derived by considering perturbations of a stably stratified rotating MHD Boussinesq fluid in a semi-infinite region, with the rotation axis and a uniform magnetic field tilted relative to the gravity axis. Solutions for the response to MHD disturbances applied at the bottom boundary show that the disturbances propagate as Alfvén waves in the stable layer. Their propagation distance is proportional to the Alfvén wave speed and inversely proportion to both the arithmetic average of viscosity and magnetic diffusion and the total wavenumber of the disturbance. The derived expression for penetration distance is in good agreement with the numerical results for neutral convection in a rotating spherical shell with an upper stably stratified layer embedded in an axially uniform basic magnetic field.
Introduction
where Ω is the angular velocity of the planet, N is the Brunt-Väisälä frequency of the 
∂T ∂t
Here, u is the velocity, u r is the vertical component of velocity, p is the pressure distur-43 bance, T is the (potential) temperature, Ω is the rotation of the system, α is the thermal 44 expansion coefficient, g is the acceleration due to gravity, e r is a unit vector in the 45 vertical (r) direction, µ is the permeability, ρ 0 is the density, B 0 is the imposed basic magnetic field, b is the magnetic field disturbance, ν is the kinematic viscosity, λ is the magnetic diffusion coefficient, κ is the thermal diffusivity, and Γ is the basic vertical 48 temperature gradient.
49
From the bottom boundary, i.e. r = r b , a disturbance in the form of e ikx+ily−iωt 50 is introduced, where k, l and ω are wavenumbers in the x and y directions and the 51 frequency of the disturbance, respectively.
52
By operating e r · ∇× and e r · ∇×∇× on (2), we can remove the pressure disturbance.
53
Furthermore, operating e r · and e r · ∇× on ( 3) yields
where ζ r = e r · (∇×u) is the vertical component of vorticity, the following dispersion relation from Eqs. (4), (6), (7), (8), and (9):
where k = (k, l, m) is the wavenumber vector, 
Further assuming that the stable stratification is sufficiently strong such that (
The first mode is the inertia gravity waves modified by the imposed magnetic field (the 67 fast mode) and the second is the slow waves (the slow mode).
68
The dispersion relation of the slow waves can be simplified when we assume 4(Ω
This indicates that the slow mode is the Alfvén waves (Alfvén, 1942) .
71
When the frequency of the disturbance given at the bottom boundary ω is suffi-
72
ciently small, the fast modes cannot propagate into the stable layer (evanescent). In 73 this case their penetration distance can be estimated as
which leads to the expression for the non-magnetic case derived by Takehiro and Lister 
76
On the other hand, the slow modes can propagate into the stable layer in the direc- 
By taking the ξ coordinate in the direction of the imposed uniform magnetic field, the 86 governing equations become
where B 0 = |B 0 |. A Fourier transformation with respect to the coordinates perpendicu-
whereK H is the square of the total wavenumber in the plane perpendicular to ξ.
90
We solve these equations by assuming that the variables are proportional to e imξ−iωt .
91
The dispersion relation becomes
where V A = B 0 / √ ρ 0 µ is the Alfvén wave speed. When λ and ν are sufficiently small,
93
the approximate dispersion relation is
The first mode is
This is the boundary mode which decays rapidly as ξ increases since λ and ν are small.
On the other hand, the dispersion relation of the second mode is
which can be identified as the Alfvén waves from the real part of the wavenumber in 
Here,K 2 =K 
where S is the Lundquist number ( shell is unstably stratified due to uniform internal heating, while the outer part is stably 121 stratified with a constant temperature gradient (Fig. 2) .
where β is a parameter expressing the temperature gradient in the lower unstable layer, 
The non-dimensional parameters appearing in the equations are the square root of the
132
Taylor number, the Rayleigh number, the Prandtl number, the magnetic Prandtl number, 133 and the Elsasser number, which are defined as number S , is related to these non-dimensional parameters as,
A basic uniform magnetic field parallel to the rotation axis is imposed:
where θ is the colatitude and e r and e θ are the unit vectors in the radial and colatitudinal 139 directions, respectively.
140
Fixed uniform temperature and stress-free conditions are applied to the inner and 141 outer spheres. The magnetic field disturbance is connected with an external potential 142 field:
where (u r , u θ , u ϕ ) are the radial, colatitudinal, and azimuthal components of velocity, 144 respectively, and b e = ∇ 2 W is the external potential field.
145
We intorduce toroidal and poloidal potentials to express solenoidal velocity and 146 magnetic fields (e.g. Glatzmaier, 1984 magnetic field are assumed to be equatorially antisymmetric.
160
We fix the values of the radius ratio to 0.4 (r i = 0.6667, r i = 1.6667). We also 
164
The azimuthal wavenumber is varied from 16 to 25. 
Here, s i = tan(mz i + α). For comparison of numerical results and theoretical estima- wavenumber in the cylinder's radial direction, which is roughly measured from the 208 meridional cross-sections.
209
In the case with Pm = 1 (Fig. 5 center) , the blue crosses are located along the (Fig. 6 right) , the theoretical axial wavenumber distance is in 
Concluding remarks

227
We investigated the influence of deep convection on the MHD fluid motion in the 228 upper stably stratified layer considering the effects of the magnetic field. We found that 229 the Alfvén waves are able to propagate into the stable layer however strong the strat-230 ification is. We proposed an analytical expression for the penetration distance of the
231
Alfvén waves, which is proportional to the Alfvén wave speed and inversely propor- 
240
Note that the Alfvén waves propagate in the direction of the basic magnetic field.
241
When the basic magnetic field in the stable layer is in the horizontal direction (a toroidal 242 field in a spherical shell geometry), the Alfvén waves cannot propagate through the 243 stable layer. Therefore, the horizontal (toroidal) basic magnetic field inhibits the pen- 
The results in the present study suggest that the Alfvén waves may be excited and 
